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1 Introduction 

The criteria for linear instability can be reduced to conditions on the spectral radius of the 
linear evolution operator. More specifically, we can demonstrate the instability of some flow 
if we find the spectral radius of the associated linear evolution operator to be greater than 
1 for some positive time, t. The approach here involves computing the radius of a subset of 
the spectrum known as the essential spectrum. This quantity is equal to a Lyapunov-type 
exponent associated with the equilibrium flow, see piSllT^fTT] for example. 

For this paper we examine the linear stability of a smooth steady ideal fluid flow on a pe- 
riodic fluid domain and consider the linear evolution of two separate classes of perturbations 
arising naturally from the group structure of hydrodynamics. Our first space of perturba- 
tions is the tangent space to the orbit of the steady flow under the co-adjoint action of the 
group. The co-adjoint orbit of a divergence free vector field is the collection of isovorticial 
fields, so these linear perturbations infinitesimally preserve the topology of the vorticity of 
the equilibrium flow. We define these perturbations to be the closure of the image of a 
certain linear operator B, so we denote the space ImB. We also consider the linearized flow 
on the canonical factor space L'^^JlmB. 

The main results of this paper are extensions of a method developed by Vishik in [T7] 
for computing the essential spectral radius of the evolution operator G{t) associated with a 
smooth periodic solution, u, to steady Euler's equation. To compute this quantity for our 
evolution operator, we must define a Lyapunov-type exponent associated with the following 
bicharacteristic amplitude system: 



X = U[X), 

T 

dx 



^ ( At ) ^' 



(BAS) { 

( (x(o),e(o),Ko)) = (xo,eo,MeA 

where the set of admissible initial conditions A is defined by 

A := {(xo,eo,&o) e T" X X M"| ^ &o, Kol = |&o| = !}• 
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Theorem 1.1 (Vishik '96). Let fi be the following Lyapunov-type exponent: 

/i:=lim^log sup \b{xo,^o,bo;t)\, 

then ress{G{t)) = e^*. 

For a given 2- or 3-dimensional smooth steady periodic fluid flow, we estabhsh lower 
bounds for the radius of the essential spectrum of the linear evolution operator on each class 
of perturbations in terms of a series of Lyapunov-type exponents based on the bicharacteristic 
amplitude system above. 

For a 3-dimensional fluid flow u, let u := curlw be the vorticity of our steady flow and 
deflne the following Lyapunov-type exponents: 

/i3=, = lim y log sup |6(xo,^o,^o;^)| 
* (xo,«o,bo)e^ 

xoesupp(aj) 

/igiT = lim y log sup \b{xo,^o,bo;t)\, 

xo^supp(w) 

where b{xo,$,o,bo;t) denotes a solution to (BAS) at time t > with initial conditions 
(a:o,^0;^o)- Then we have the following lower bound for the essential spectral radius of 
the linear evolution operator restricted to perturbations tangent to the co-adjoint orbit of 
u, ImB: ress{G{t)\j^) > e'"^**. And we have another lower bound for the essential spectral 
radius of the linear evolution acting on the factor space: TessiGpit)) > e^^^*. 

For 2-dimensional flows, our classes of perturbations are described in terms of the scalar 
vorticity and the resulting exponents depend on its gradient, Vw. Deflne the Lyapunov-type 
exponent fi2* by 

/X2* = lim - log sup |6(xo,^o,&o;^)|- 



And deflne fi2F by 



where 



xo£supp(Vw) 



/i2F = lim y log sup \b{xo,^o,bo;t)\, 

t (xo,ioM&AiUA2 



Ai :={(a;o,^o,&o) E A : Xq ^ supp(Vu;)}, 

A2 :={(xo,^o,&o) G A : Vw(xo) ^0, bo ± Vw(xo)}. 

Then we have similar lower bounds for the essential spectral radius of the linear evolution 
on each class of perturbations: ress{G{t)\j^) > e^^** and ressiGpit)) > e^^Ft^ 

We make use of Vishik's approximation of G{t) on high-frequencies by a pseudodifferential 
operator composed with parallel transport along the flow. Section O details this approxima- 
tion and its connection with (BAS) along with several related lemmas necessary for proofs 
of the main theorems. In Sections [3] and H] we introduce sufficient criteria for high frequency 
perturbations to approximately be in each of our two classes. The main theorems of this 
paper. Theorem 16.11 and Theorem I7.3[ are proved in sections [6] and [71 In the last section 
we discuss instability near a hyperbolic stagnation point in the context of our two classes of 
perturbations. 
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2 Two classes of perturbations 



For this paper we let u G C°°(T") be a smooth solution to steady Euler's equation on the 
2- or 3- dimensional torus = M"/Z" and consider the linear evolution operator associated 
with Euler's equation linearized at u 



where Vq G L^(T") is the gradient of a scalar pressure uniquely determined by the require- 
ment that solutions w{x,t) remain divergence free and our initial perturbation Wq{x) is a 
small divergence free square integrable vector field on T". We let L^^^ denote the space of 
divergence free square integrable vector fields on T" and define G(t) : L^^^ — )■ L^^i to be the 
solution operator to the linearized system. In other words, w{x,t) := G{t)wo{x) is a unique 
solution to (LE). 

Our first class of perturbations are those that preserve the topology of vortex lines and 
we define them in terms of the operator B : L^^i — )■ L^^i, given by 



where a; := cur 1m is the vorticity and the pressure gradient Va is uniquely determined by 
the requirement that Bv is divergence free. The operator B is actually a representation of 
the co-adjoint action of the Lie algebra of divergence free vector fields acting on our steady 
flow u, hence its image is the tangent space to the co-adjoint orbit of u. From the Hodge 
decomposition, we have an equivalent formulation for B in terms of fgoi, the projection onto 

Bv = Fsoiioj X v). 

In particular the flow of an Eulerian fluid will stay within the co-adjoint orbit of the initial 
condition. A straightforward computation demonstrates that Imi? is an invariant subspace 
under the linearized flow, so the essential spectral radius of the evolution of perturbations in 
ImB is well defined. We also consider the linearized flow on the factor space Lil^JlmB with 
the canonical factor space norm. This factor space forms our second class of perturbations. 
For a thorough discussion of the group structure of hydrodynamics see Arnold and Khesin's 
book [2j. 

3 3-dimensional high frequency vector fields 

This section contains several lemmas regarding high frequency vector fields to be used in 
computing lower bounds for the essential spectral radius of the linear evolution operator 
acting on each class of perturbations. The goal is to establish criteria for these perturbations 
so they approximate perturbations in Imi? or that we may estimate their growth in the factor 
space F := LI^JIthB. 

Lemma 3.1. Let v he a vector field m H^{T'), e Z'' forn = 2,3 and 6'^ G Z+. Then 




dtw = —u ■ Vw 

w{x, 0) = Wo{x) 




Bv := cu X V — Va, 



moi{v{x)e'''-^'^/')-F^^{v{x))e'^<'^/'\\L2 < 6 




C 
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where Fsoi denotes the orthogonal projection of L"^ onto L^^^. 

Proof. We may treat the 2- dimensional case as planar vector fields in 3-dimensions, thus it 
suffices to prove the lemma in 3-dimensions. Assume v G (if^(T^)) . Define a vector field, 
a G L^^iiT^), that approximates the projection of t>(x)e""^°/'^ onto 

aix) := 5V X ( !^5L^l(^e-«°/^ 



1^0 

Since (^o x ^£_^iv)) x = IP^J-l^) we have 



a 



(x) =P^x(t;(x))e^^-««/'^ + (5 



It follows that ||a - ¥^^{v)e''^-'^<'-'l^\\L2 < 5^^\\v\\h^. 

Now we define an gradient vector field, (3 G L^^^^(T^), that approximates the projection 
of f (x)e"''^"/'^ in the direction of .^o^ 

/3(x) :=-^V((eo,^(a:))e^-«»/^) 
l?o| 

I^ol 



Thus, 11/3 — Pgo(i;)e**^''*'^"/'^||j;^2 < 5|^||t>||j:^i. From the Hodge decomposition we know L^(T^) = 
-^LiC^^) ©-^gradC^^) ^om the computations above, P^±(f )e*'^')'^°/^ is approximately sole- 
niodal while P^^ approximately a gradient. It follows that 



'soi{v{x)e''<'") - P^x(t;(x))e"-«°/ii2(Tr3) < d^^Mu^^^.y (2) 

□ 



Here we define the basic structure of our fast oscillating vector fields. In Section H] we 
discuss the special case of 2-dimensional fast oscillating vector fields, but here we are working 
in 3-dimensions. Define 'ips £ (-^LiC^^)) ^y 

i^six) = 5V X (^!^^/,o(x)e^-«o/^^ , (3) 

where ^ G 1^+,P -L is a constant vector and Hq G C°^(T^) is an arbitrary 

smooth scalar function. Notice that we can expand the expression for ips to get 

M^) = /io(x)Pe^"-«°/^ + 5[V/io(a;)x (^^^^)e*-««/^]. (4) 



This next lemma gives criteria for these fast oscillating vector fields to be close to Imi? 
in 3-dimensions. The criteria requires that we introduce a parameter C, that localizes the 
support of the fast oscillating vector field. 
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Lemma 3.2. Let xq G e such that (u;(xo),^o) 7^ 0. Lei Hq e C°^(T3) siic/i t/iai 

supphQ C -Bi(O), ^/ie 5a// centered at of radius 1. Le^ < C < 1 anc? define /i^ 6y 

y4nc/ /ei 

where P -L is a constant vector and 6'^ G Z_|_. T/ien i/iere exists ipc^s ^ -^L/ snc/i i/iat 

^C,i - ^(^C,5) = '^C + ^<5' 

where ||r^||L2 < cqC^^^ /or some constant cq > i/iai does not depend on 6 and WrsWi^ = 0{5). 

Proof. First we find an appropriate constant vector Q C,o to play the role of P in our 
preimage ^p^^s- Let T : P5x(M3) ^^±iM.^) be defined by 

Tv := Pgx(w(xo) X v). 

Our assumption that (a;(a;o), ■Co) 7^ implies that T is a bijection on P^±(M^). Hence there 
is a constant vector Q J- such that P = F^±{u{xo) x Q). 
Define the vector field ^^^^ ^ C^ii^^) by 

^,,ix) := 5V X (^|^^c(^)e-^°/^) • 
Then from the expansion (jl]) and the linearity of B we have 

We may also expand ipc^^s as in (jl]) to get 

^^,5 - = /i^Pe^(-)-«°/^ - B{h^Qe'^-^<') + (5) 

where 

Hence, ||i?i|U2 < + {||||5|U(i2)||/i^||^i) . Notice that ||5|U(i2) < \\uj\\l^, so 

||i?i||L2< (^ + ^||c^||L^)||/^clli^- (6) 

To get a bound on the main order term of the RHS of (jS]) we first use Lemma 13.11 to 
compute 

= /i(^Pgj- (cu X 

g)e*(-)-Co/5 ^ 

5 



where 

\\Rs\\L^<S—\\h^tu\\Hi. (7) 
l^ol 

Define 

Then we may write the main order term from the RHS of as 

h^Pe'^^-y^o/s _ B{h^Qe'^-y^^/^) = + R5. (8) 

We will demonstrate that ||r^||/^2 < cqC^^^ where the constant cq is positive and does not 
depend on 5. Since P = F^±{u{xo) x Q) and supp/i^ is contained in the ball of radius C 
centered at xq, B^{xo), we have 

||rclU2 = \\h^Pe'^-y^'>/^ - h^F^±{uj x Q)e*(-)-««/^|U2 

< ll^clU2|l%(^^(a;o) X <5))I|l-{Bc{xo))- (9) 

Since u{x) is Lipschitz and for any x G supp/i^, \x — Xo\ < (, it follows that 

ll%(^(a^o) X Q))\\l^(b^(^o)) < CW^hiplQl- 

And since ||/if||L2 = C^^^II^o||l2, "we have from estimate that 

|l2 < (^^^\\ho\\L4^\\L^p\Q\. 



Let Co = ||/;,o||L2||w||Lip|Q|, which is independent of 6. Now define rs := SRi + Rs. Therefore, 
from (|5]) and ([8]) we have 

^C,<5 - = rc + rs. 

From dH]) and ([7]) we have ||r5||L2 = 0{6). □ 

Remark 1. For fast oscillating vector fields like ips in 2- dimensions, (^,^0) = 0, so this 
lemma does not give us any information about ImB in 2-dimensions. 



4 2-dimensional high frequency vector fields 

We treat 2-dimensional fiows as 3-dimensional planar fiows to get a simplified form of the 
operator B in 2-dimensions. Thus 

Bv := u X V — Va, 

can be simplified to 

Bv = uj-v^ -Va = F,oi{uJ-v^), (10) 

when V G (L^^;(T^))^. In (ITOi) co is now the scalar vorticity. The pressure Va G (L^(T^))^ 
is determined by the requirement that Bv be divergence free and P^oz is the orthogonal 
projection onto divergence free vector fields. 
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Let 05 G {LUT^)y be defined by, 

M^) ■■= -«5V^(/io(x)e"-«°/^), (11) 

where ^ ^ ^+) -P -L is constant and G C°°(T^) is an arbitrary smooth scalar 

function. We can expand (ps as follows: 

Mx) = /io(a;)eo^e^^-«°/^ - i6 [e^^-««/'^V^/io(x)] . (12) 



In this next Lemma we establish criteria for to be near Imi?. Our criteria is based on 
Vcj, the gradient of the scalar vorticity of the equilibrium solution u. 

Lemma 4.1. Define (ps as in PJ]) above. If there is a constant cq such that \ {C,o, Vuj{x))\ > cq 
on suppho, then there exists a remainder G such that (ps + rs G ImB and 11^511^2 = 0{6). 

Proof. Assume there exists a constant cq such that |(^^, Va;(x))| > cq on supp/io- Then we 
can define a function G C°°(T^) by 

(^0 , Vu;(x)) 

and define a vector field v G C^;(T^) by, 

v{x) := V^(^o(a;)e^^-«°/^). 
From ffTOl) the operator B on V"'"((7o(a;)e""^"/'^) takes this simplified form: 

Bv = F,oi{ooV{go{x)e'''-^"/')) 

= -P.oK^?o(x)e"-««/^Va;), 

since the gradient of a function is irrotational and, hence, orthogonal to the space of diver- 
gence free vector fields. If we apply Lemma 13.11 we have 

Bv = -go{x)F^^{Vu)e'''<'/' + 

where Hr^H^^a =0(5). Substitute our definition for go from (|T3l) to get 

Bv = ^^hoix)e'''-^'/^ + n- 
Then the expansion (fT2|) for (ps implies 

Bv = -?(5V^(/io(x)e'"-««/'^) + rs =: (ps + rs, 

where rs := fs — iS[e^^'^°^^V'^hQ(x)'j G and ||r5||L2 = 0(5). Thus we have (ps + rs G 
ImB. □ 

This lemma establishes criteria for measuring the factor space norm of our fast oscillating 
vector fields. We must introduce the parameter ( to localize the support of these fields. Recall 
that our factor space F := L'l^i{T'^)/lmB, with the canonical factor space norm we denote 
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Lemma 4.2. Let xq G T", e W such that Vw(xo) ^ and (^^,Vw(xo)) = 0. Lei 
/lo G C°^(T") 6e supported on -Bi(O), i/ie 5a// of radius 1 centered at sfic/i i/iai /io(0) = 1. 
For < C << 1 define /i^ 61/ 

and /ei (5^-*^ G Z+. For any x G [0, 1) x [0, 1) define 

:= -i5V^{h^{x)e'^<''/'), 
and extend (pc^^s periodically. Then we have 

U^A\F = \\hAL^ + o{C) + o{5), 

where 0(C) is independent of 5 and 0{5) is independent of (. 

Remark 2. The conditions on xq and ^0 imply that C,o is a scalar multiple 0/ Vix'(xo), so 
we cannot require G here. To ensure that 0^ 5 is periodic, we define the vector field on 
B(^{xo) and, since ( << 1, we may extend it periodically. 

Proof. Since B maps into L'j.^i, we can say v G Keri? if and only if f G KerT where T : 
{LLmr ^ {Ll,mr is defined by 

Tv := curli?f = v ■ Vcu. 

For any x G supp(/i^), |x — Xo| < C; so 

\Vuj{x) - Vuj{xo)\ < (K, 

where K := \\Vijj\\Lip is the Lipschitz norm of Vw. We may assume ( « |Va;(xo)|, so for 
any x G supp/i^ 

\Vuj{x)\ > |Vw(xo)| -C^ > 0. 
We assume {^q, Vu^Xq)) = 0, so we have 

Ke^f, Va;(x))| _ m,Vuix)) - (^o^, Va;(xo))| ^ C\^^\K 



\Vu{x)\ |Va;(x)| - \Vu{xo)\ - (K' 

For any x G supp/i^, let 

:= - %^V.W = - 0(C)|^. (14) 

\\/UJ{X)\'' \VUJ{X)\ 

We can expand 0^,^ as in (fT2i) and compute 

(l>^,six) = h^ix)^^e'^<<'/' + rs, 

where ||r5||i2 < V/i^ ||l2. Notice that in 2-dimensions, ||V/i^||l2 = ||V/io||l2, so ||r5||i2 < 
5C|| V/io||i,2, which is independent of (. We also have from the definition of rj in (fT4|) that 

(f)C,s{x) = h^{x)ri{x)e''''^°'^ + + r^, 

where ||r(^||2,2 = 0{Q independent of 5. Since (Tri){x) := ri{x) ■ Vix'(x) = 0, we have 
0C,5 -n-rsE KerB. Therefore, U^^p = UcsWl^ + 0(C) + 0(6). 

□ 



8 



5 Approximating G{t) on high frequency vector fields 



This section details the method of approximating G{t) on high frequencies by a pseudodiffer- 
ential operator and some immediate consequences of that approximation. We also derive the 
bicharacteristic amplitude system (BAS) in terms of the symbol of this pseudodifferential 
operator. We finish the section with several lemmas to be used in proving the main the- 
orems. Lemmas 15.41 gives us estimates for the norm of certain pseudodifferential operators 
and Lemmas 15.51 and 15.61 motivate the structure of our high frequency vector fields. 

We introduce an e-psuedodifferential operator to separate vector fields into their high- and 
low-frequency parts. Let e > 0, for any amphtude a G C°°{T"- x M") (satisfying appropriate 
conditions to be specified later) define 



{op,[a]w){x) := j a{x,i)e'^-^^-y^/'w{y) dyd^ (15) 

Let xiO e C°°(M") be a function of |^| only, with < xiO < 1, and 



X(0 



1 if|el<| 

ifiei>i. 



2' 



Then 



G{t) = G{t) o op, [l - + G{t) o op, [x(^) 



Our focus on high frequency vector fields is a consequence of Nussbaum's formula for 
computing the essential spectral radius of a bounded linear operator, so we define the essential 
spectrum and state the formula here. A proof can be found in Nussbaum's original paper. 



We may introduce the following classification of points in the spectrum of a bounded 
linear operator T: 

(t(T) = (TdisciT) U (TessiT), 

where we define adisc and cXess below. 

Definition 1. For any bounded linear operator T on a separable Hilbert space "H we define 
the discrete spectrum of T, (JdisciT), to be the set of X E cr(T) such that following conditions 
holds: 

• X is isolated in o"(T), 

• The Riesz projector P = §^ where j is a small circle around X, has finite rank, 

• X — T is invertible on the invariant subspace KerP = Im(I-P), 
The essential spectrum of T is defined by <Jess(T) := cr(T) \ (Tdisc(T). 

We denote the essential spectral radius of an bounded linear operator T by ress(T) : = 
sup{|A| : A e (Jess{T)]. 

Let X be a separable Hilbert space. We define an appropriate norm on the quotient 
space £(X)/©oo where ©oo is the ideal of compact operators. 
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Definition 2. For any T G C{X) 

||T|k= inf \\T + K\\cix). (16) 

The seminorm || ■ \\fc on C{X) is the canonic norm on the quotient space C{X)/&oo- We can 
compute the essential spectral radius of a bounded operator with this norm: 

Theorem 5.1 (Nussbaum). For any T G C{X) 

rUT)= hm(||T"||^)i (17) 



n— >oo 



1 



Since G{t) oop^ x{:^) is a compact operator, we have ress{G(t)) = r^ssi^Git) oop^ 

^(Te) )• Thus, to determine the essential spectral radius, it suffices to consider linear 
evolution on high frequencies. 

To approximate the linear evolution operator acting on high frequency vector fields, 

G{t) o opg 1 — } we ffist introduce the parallel transport operator. Let T" 

denote the flow map defined by trajectories of the following ODE: 

j^g'x = u{g'x), / = Id. 

Define 3u(t) to be the evolution operator for the equation 

Y = -u- VF, 



r(x,0) = Fo(a;) gL2(T'^). ^^^^ 

Solutions to (|T8l) are parallel transport of the initial data Yq along the flow trajectories: 
Qu{t)Yo{x) = Y^^g-'x). 

We must also introduce the matrix- valued function ao to define the symbol of a pseudodif- 
ferential operator that, when composed with parallel transport along the flow, approximates 
G{t) on high frequencies. Let ao(x, ^, t) G M„x„, for (x, ^, t) G T" x M"\{0} x M and n = 2, 3, 
be a solution to 

' ao = -V.ao-Sao + 2fp(|Hao), ^^^^ 

ao(a:,e,0) = (l-^)-(l-x(^)), 

where V„ is the Lie derivative computed in the cotangent bundle T*(T"') along flow trajec- 
tories: 

In coordinates V„ = (m, — f^^O- Let Gl{t) : Ll^i — )■ L^^i be defined by 

Gl{t)wo = op^[ao] o g„(t)w;o, 

where in 

(op^[ao]w)(x) = V X p y ^ X ao(a;,^,t)e*«— w(?/)o?V^^- 

In [17J, Vishik proves that G^t) approximates G(t) on high frequencies in the following 
sense: 
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Theorem 5.2. Let G{t) be the evolution operator associated with Euler's equation linearized 
at u. Then for all t > 0, G'|(t) is a bounded operator in L^^i and for any fixed T > 

\\Git)oop,[l-x{^)] -Glit)\\ciL-^^„L^) = OiV~e), 0<t<T, (20) 

with the constant in O uniform over the interval [0,T]. 

To see the connection between solutions to f|T9|) and solutions to (BAS), we introduce 
a decomposition of our symbol oq: 

ao{x, e, t) = Ao{x, t){l-X{x,^,t)), (21) 

where Aq is a solution to the following system: 

^0 = -V„Ao - ^Ao + 2^^Ao, 



Ao(x,e,0) = l-ff . 



,22) 

liF 



And X satisfies 

^ X = -v„x, 

(23) 

X{x,^,0)=x{O- 

The matrix symbol ao(x, ^, t) forms a strongly continuous cocycle over the flow {g^-, {g^^{x))*-) 
on the cotangent bundle T*(T"). Similarly, Ao{x,C,,t) forms a strongly continuous cocyle on 
T" X MP**"^. An important consequence of this fact is that the Lyapunove-type exponent 
in Theorem 11.11 is well defined. Solutions to (BAS) are solutions to fl2^ for Ao{-, ■,t) along 
characteristics which are the flow lines [g^-, {g~'^{x))*-) in T" x RP""-*^. Thus it follows that 
for any initial conditions for (BAS) (xo,^o,&o) ^ x*(T"') x M", the corresponding solution 
b{xo,^o,bo;t) satisfies 

6(xo, eo, bo; t) = Aoig'xo, {g:\x)yio. t)bo. (24) 

We finish the discussion of (BAS) by stating a simple property of solutions that will be 
necessary for proving the main theorem of this paper. Let ^(t) satisfy the ^-equation in 
(BAS) at a time t > and let b{t) be a solution with the same initial conditions (a;o,^o)- 
Then we may compute 

j^{b{t),m) = {m,m) + {m,m) = {^b{t),m) + im,-i^f^it)) = o. 

Thus, whenever bo _L we have for any t > 0, 

m,at)) = {b{xo,^o,bo;t),{g;\xo)r^o) = 0. (25) 

Next we provide a definition of our e-pseudodifferential operators and prove a technical 
lemma that will be necessary for the main results of this paper. 
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Definition 3. ForT" = R"/27rZ" the class of symbols ^'^^(T") denotes the space of functions 
a G C°^(T"' X M") such that for all a, /3 ^ there is a constant Ca,i3 such that for any 
{x, e T" X M*^ 

|a:9fa(x,0l < + lel)— ''l/^l+^H. 

It follows directly from the definition above that if a G C°^(T" x M") is positively homo- 
geneous of degree m in the region |^| > i? for some R> (that is, a{x, X^) = X'^a{x,^), X > 
1, lel > R), then a G 5!"o(T"). 

For any £ > and a G 5° ^(T") where < 5 < p < 1 define opJa(x, 0] : ^^(T") ^ I?(T") 
by equation f[T5]) . If a G S'™q(T") for m < 0, the psuedodifferential operator op^[cr(a;, ^)] is 
a bounded linear operator on L^g;(T"). A proof for periodic operators is given in |T5] for 
example. 

We will need the following variant of the Calderon and Vaillancourt theorem from [3j 
for x-periodic amplitudes to estimate the norms of some £-pseudodifferential operators (see 
also [5]). 

Theorem 5.3 (Calderon- Vaillancourt). Let a(x,0 e C°^{T'' x W) forO < p <1, satisfy 
the following inequalities. 

<c^a/3(i + ieir^|"|-|^|\ 

for all (x, ^) G T" X M", and (a,/3) G Z". Then the pseudodifferential operator opi[a{x,^)] 
extends from Schwartz space !)(¥") = C°°(T") to L^(T") and defines a bounded operator 
there, moreover: 

\\oPi[cr]\\c{L'^) <C{n) C^p. 

|a|<2((n/2)+l) 
|/3|<2((n/(l-p))+l) 

Lemma 5.4. Leit (7e(x,^) G ^^^(T") /or m > 0. Suppose that for some positive constant 
Co, o-e(x,0 = whenever \^\ < ^. T/ien || opi[o-e] ||£(l2) = 0{y/e^). 

Proof. We will use the Calderon- Vaillancourt inequality to estimate the L^-operator norm 
of opi[(7^{x,^)]. Let /9, 7 G Z". Since a^ix,^) G 5*^^, there is some constant Cp^-y such that 
for any x G T" 

Multiply this inequality by (1 + |^|)i/2(l7hl/3|) to get 

l9f9ja,(x,oi(i + iei)'/'^'^'-''"^ <c^,^(i + iei)-("^+^/'(|^|+|^|» 

<c^^(::Zl)'»+i/2{i/3i+i7i)_ 

Co 

This last inequality follows from the fact that the symbol ae{x,$,) = for |,^| < So for 
any (x, G T" x M" we have 

|afa.v,(x,oi < c^,,(^)-+^/2(i/^i+i^i)(i + |e|)V2(i/3i-i7i). 

Co 
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Thus, we may use the Calderon-Vaillancourt inequahty for p = 1/2 to estimate the norm of 
our operator. The most substantial contribution to the norm is the /3 = 7 = summand. 
Therefore we have 

□ 

In the proof of the main theorem we deal with a rougher estimate of the linear evolution 
operator in terms of an e-pseudodifferential operator. We define Gsit)ips{x) := (op£[ao] o 
Qu{t)ips){x). The advantage of looking at vector fields such as ips defined in Section |3l is 
that we can estimate Gs{t)tps explicitly, which we will see in this next lemma. We omit the 
proof, which can be found in |17] . 

Lemma 5.5. Let tps be defined as in line ^ above. Then for any fixed t > 0, we have the 
following approximation for Gi.{t)ips{x) := ((^^^[ao] o Q^{t)'ips){x): 

{op,[ao]oQ^{t),p,){x) = h,{g''x)A,{x, {g:\x)ri,,t)Pe'3~'^<°" + r,{x), 

where Aq is the homogeneous part of ao defined by ^2Ej and \\r5\\L2 = 0{6). 

Remark 3. From equation we have 

ho{g-'x)Ao{x, {g;\x)r^o,t)Pe''~'''<'>/' = h,{g~'x)b{g-'x,i,, P-t)e'^''^<°/' . 

Now we present, without proof, a slightly generalized 2-dimensional version of Lemma 
15.51 to approximate the linear evolution of our 0^ 5 vector fields from Section HI where it is 
no longer assumed that the frequency vector ^0 has integer components. The parameter C, is 
introduced to ensure that our estimate is periodic (see Remark |2]). The proof is completely 
similar to the proof of Lemma 15.51 found in [T^ . 

Lemma 5.6. Let Hq G C°°(T^) be supported on -Bi(O), the ball centered at of radius 1. For 
< C < 1 and fixed xq G T^, define by 

hcix) := ho{ ^ ^^° ). 

Let e M^, 6^^ e Z+ and define 4>(;^s{x) := — z5V"^(/?.^e""^"/'^). Then for any fixed t > we 
can approximate Ge{t)(t)c,5{,x) := (oj)£[ao] o Qu{t)4'c,,&)i^) ^■^ follows: 

{op^[a^]oQ^(t)<P^^,)(x) = h^{g-'x)b{g-'x,i,,ii-t)e^^^ 

where \\rs\\L2 = 0{6). 

6 Main theorems for 3-dimensional flows 

In this section we prove the main theorem for 3-dimensional flows. Theorem 16. 1[ In the 
following theorem b{xo, ^0, &o; t) is a solution to (BAS) corresponding to our equilibrium flow 
u, with initial conditions {xo,^o,bo). Recall the set of admissible initial conditions is 

A:= {(so,eo,M G X X r3| ± &o, |^o| = |&o| = !}• 
We also denote the vorticity vector field cu = curl(M). 
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Theorem 6.1. (i) Let ^^3* G M &e defined by 

//3^ = lim y log sup \b{xo,^o,bo]t)\, 
^ (xo.?o,6o)e^ 

a:o£sMpp(ii') 

Then e^-* <r_(G(t)|7^). 
(^M^ // supp{(jj) is a proper subset of the fluid domain T'^, let fi^p € M &e defined by 

/xsi. = lim y log sup \b{xo,^o,bo;t)\, 

* (xo,?o,feo)6^ 

Then e^^^* < ress(G'F(i(:)), where Gpit) denotes G(t) on the factor space. 

We need to work with the following seminorm to prove inequalities involving || ■ \\c{f)'- 

Definition 4. Let P : L^^i — )► KerB denote the orthogonal projection onto KerB. We define 
the J^— seminorm, \\ • on C{Ll^i) by \\S\\jr := ||P5'P||£(j;^2 



Remark 4. Because L^^i = ImB © KerB, ifTE C{Ll^i) leaves ImB invariant, we have 

||PTPx||r2 

WnciF) = sup = ||r||^. (26) 



||Pa;|h 



Before proving Theorem 16.11 we prove a proposition: 
Proposition 6.2. Fix T > 0. 

(i) Let 0=K(t) denote the following quantitity: 

e*(t) = sup |6(xo,^o,^o;^)|- 

XqS:SUPp{lj) 

Then for any e > and t G [0, T] 

l|G':(t)IL(7^^nj,L^) + o(v^)>e,(t), 

where the constant in O is uniform fort G [0,T]. 

(ii) Whenever supp{uj) is a proper subset of the fluid domain, T^, define Qpit) by 

QFit)= sup \b{xo,^o,bo;t)\, 
(2.'o,5o,bo)e^ 

xo^supp{uj) 

Then for any e > and t G [0, T] 

\\Gl{t)y + 0{V^)>QFit). 
where the constant in O is uniform fort G [0,T]. 

14 



Remark 5. Because {Ao(x, : (x,^) G T*(T^),t > 0} is a strongly continuous cocyle 
over the flow {g^}teM.> '^^ have that log 0* (t) anc? logGi;'(t) are subadditive, which implies 
that both limits from the statement of Theorem \6.1\ exist. 

To prove this proposition we will choose appropriate sequences of fast oscillating vector 
fields (one that is almost in ImB and one that is in Keri?) and show that the appropriate 
norms of their images under approach B*(t) and Qpit)-, respectfully, from below. 

Proof of Proposition 1 6. 2 . First we prove part (z). Choose Xq G and ^ ^'^ such that 
(w(xo),Co) 7^ and ho G C°°(T3) with supp/io C Bo{l) and ho{0) = 1. Let < C < 1 and 
define G C°°(T3) by 

Then by Lemma [372] there exists t/'^ ^ G L^^i such that 

Bi^^,s)ix)=^U-')+r^ + rs, (27) 

where the ||r^||L2 < CqC^^^ for Cq independent of 5 and ||r5||2,2 = 0{5). Then if we expand 
iIJ(^^s as in line (jl]), we have 

5(^C,5)(^) = /^c(^)^e*"^''^'^ + + (28) 

where 

fs = rs + 6[Vh^{x)x(^^^^y-<o/sy 

It follows that llr^ll^^a = 0{6). Apply Lemma 1531 to the main order term in the expansion 
(I27|) for B{^jj^^g) to estimate 

(opjao] o0„(t)5(V^^ ,5))(x) 

= /ic((?-*x)6((7-*x, ^0, i^; t)e'3-'^<''/' + r^{x) + rs{x), 

where rs = op^[ao] o Qu{t)fs and = op^[ao] o 0„(t)rf. Hence ||r5||i2 = 0{6) and ||r^||L2 < 
coC^''^ where cq := co||opj[ao]||£(L2) does not depend on 5. It follows that 

limJKopJao] o0„(t)5(^^^,))(x)|U2 = ||/i^(r*x)6((7-*x,eo,P;t)||L2 + 0(C'/2)_ 

Then from line (125]) we have ||-B(?/'^ ,5)||2,2 = ||/i^P||i2 +0(C^/^) +0{6), thus we may estimate 

||opJao]o0„(t)|U(i^,i2) + O(C'/2) 

^ ||/^c(^~*3:)%-*x,eo,P;t)||L2 

- iiL pii l^yj 

(a;{a;o),,eo)7^0 

_ \\h<:{g'^x)b{g-^x,^o, P;t)\\L2 

— II L PII W^J 
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where the equahty in the second hne comes from taking the closure of the pairs (xq, ^o) ^ 
X 1? such that (u;(a;o),^o) 7^ 0. Next we take the hmit as C 0. The flow map is 
measure preserving, so composition with it will not affect the norm in L?'. Also hc^ix^) = 1 
and b{-, -jP^t) depends linearly on P, so if we take the limit in ( of the expression in fl30|) 
we have 

y \M9-'x)b{g-'x,^o,P;t)\\L2 P 

p^i^b = ' M ' ^ ' ■ 

We can approximate any ^ e by ^ and b is homogeneous of degree in so it is 
equivalent to take the supremum in the RHS of (!30|) over ^ with |^o| = 1- Hence 

llopjcio] o0«WIL(iSb,l2) > sup \b{xo,^Q,bo]t)\ = Q{t). (31) 

a;oesupp(ti;) 

Therefore, 

llopjao] o0«Wll£(iS^B,L2) > 



Now we prove an estimate for part (ii). Recall, the factor space F := L^^i/lmB. Consider 
a vector field ips £ C*^;(T^), defined as in with a condition on its support to ensure it 
will be in KerS: 

M^) = '5V X (^-k^ho{x)e^''<'/'^ , (32) 

where ^ 1^^,S~^ G '^+,P -L is a constant vector and Hq G C°°(T^) is an arbitrary 
smooth scalar function with supp(/io) disjoint from supp(co'). This implies that supp(^/'5) is 
disjoint from supp(a;). It follows that ips G Keri?. If we apply Lemma [5.51 to tps we have 

\\op,[ao]oQ^{t)MF = \\ho{g-'-)b{g~'-,^o,P;t)e''-->^^/'\\F + 0{6), (33) 

where || ■ ||f denotes the canonical factor space norm. The complement of supp(ci;) is invariant 
under the flow g^, so we have supp(/;. o g~^) is also disjoint from supp(a;). Hence 

ho{g-'x)big-'x,^o,P;t)e''''''-^''^^ G KerS. 

It follows that 

\\¥{hoig-'x)big-'x, ^o, P; t)e*^'"*-«°/^) ||^ \\hoig-'x)big-'x, ^o, P; t)e*^"'-«o/ii2 



^S)\\F \m\\L^ 
Now consider equation (1331) and take the limit as 5 — )■ and we have 

II r 1 /,x|| ^ \\ho{g~^x)b{g'^x,^o,P;t)\\L^ 

\\oPeWo] ° Qu{t)y > sup — — . (34) 

feoec°°(T3),eoez='\{o} ||/io-r^||L2 

supp /ionsupp((ii)=0 

We are taking a supremum over all ho G C°°(T^) with supp(/io) disjoint from supp(u;) 
and \ supp(w) is invariant under the flow map, so we can restrict our consideration to 
Xq ^ supp(ci;). The flow map g~^ is measure preserving, so that change of coordinates will 
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not affect the L^-norm. Also, since b is homogeneous of degree in and hnear in P we 
have 

llopjao] o0„(t)||j- > sup \b{xo,^o,bo;t)\ = Qpit). 

(a:o,Co,fco)e^ 
a;o^supp(aj) 

To finish the proof for both classes of perturbations, we must estimate the difference: 

WG'eit) -opjao] og„(t) 11^(^2). 
We may simply extend the definition of to all of so that for v E L"^ 



{Gl{t)vKx) = V.x 



X ao{x,U)Qu{t)v{y)e''^^~yy^/'dydt 



Notice that the matrix ao{x,^,t) maps into for all t. Since x [i^ x w) = w whenever 
w -L ^, this implies 



X 



(2775)3 7 



X ao{x,^,t)Qu{t)v{y)e 'y^^'dyd^. 



Hence 

Gl{t) - op^[ao] o g„(t) =eop^ 

=OPi 

Consider the symbol D{x,^,t) defined by 



Vx X I 1^ X ao 



v. X 



xao{x,€^,t)^ o0„(t). 



D{x,^,t) := V:, X (^— X ao(x,e^,t) 



For large 1^1, Z)(x, ^, t) has homogeneity of order —1. Since ao(x, e^, t) = (^l—X{x,y/e^,t))Ao{x,^,t), 
it follows that there is some constant c(T) that depends on T only such that for any t G [0, T], 
D(x,^,t) = whenever |^| < We also note that for any /3, 7 G Z^, there exists a con- 
stant Cjj^^iT) such that 

< Cp,,{T){l + ler^H^I for any t G [0,T]. 

Now we may apply Lemma 15.41 to get 

||G'^(t) -opjao] o0„(t)||^(^2) = ||opi[D(x,e,t)]|U(L2) = O(v^). 

We remark that in the proof of Lemma the constant in O depends only on the constants 
Cp^^iT) and c(T), so 0{^) is uniform for t G [0,T]. Then from the definition of the 
J-"— seminorm, we have 

\\Gl{t) - opjao] o < IIG'^(t) - opjao] o 0„(t)|L(i2^^) = 0{V^), (35) 

where the constants in O are uniform for t G [0,T]. This completes the proof. 

□ 



17 



Now we prove the main theorem of this Chapter: 

Proof of Theorem \6.1[ We begin with statement (i). Let C G jC-IL"^) be an arbitrary operator 
of finite rank. Then we get the following inequality for any e > 0. 

\\Git) + CWciL^) > II {G{t) + C) o op, [1 - Ik(L^). (36) 

Since C has finite rank, we may write 

M 

for some {gj}^i, {fj}fLi C L'^. Since op^^l — is self-adjoint, it follows that 

||C O op, [1 - ||£(L2) =11 Sii^'^e [1 - ^{^)]fj' OlkCL^) 

=o(l) as e — )■ 0, 



since for each j = 1, 2...M, 



" o(l) as e — )■ 0. 



lloPefl -x(^)]/jll£(L2) = as £ -> 0. 

This implies 

||C o op, [1 - ll£(5^B,L2) = as e ^ 0. 

Let N eN and substitute A^t with t in fl36|) . Then by equation fl37|) above 

l|G'(iVt)+C|L(Es,^.) > ||G(iVt)oop,[l-x(^)]IL(ililB,L^) 

From Theorem 15.21 we have 

worn + C||^(E^,^.) > ||G^(iVt)||^(ij^^^.) - O(v^) - 0(1) as e -> 
And Proposition 16.21 implies 

\\Gm + C||^(is5,^.) > e.(iVt) - O(v^) - 0(1) as e ^ 0. 

Letting e — )■ 0, 

l|G(Art) + C7||^(i^,^.)>e.(Art). 
Since C was arbitrary, we have 

\\Gm h>Q.m, 



(37) 
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where || ■ denotes Nussbaum's seminorm, introduced in Section [5l Take the A^th root of 
both sides of the equation to get 

\\Gm l7;^lir>e*-^°^^^*^^*»- 
If we take the hmits as — ?■ oo, for 3-dimensional flows we have 



Thus we have the lower bound for \mB. 

To compute a lower bound for the factor space, we assume supp(ci;) is a proper subset of 
the fluid domain, T^. In this case we may use Proposition 16.21 

For any x G L^^^, we let [x] G F denote the equivalence class in F := L^^JlraB represented 
by X. Any operator K G &oo{F) can be lifted to an operator K G ©oo as follows: Let {/jj^li 
be a Schauder basis for Keri?. In the canonical sense, is also a Schauder basis for 

the factor space, F. We may write 



oo 



where gj G KerS for each j = 1,2.... Then we deflne 



oo 



Notice that K leaves Imi? invariant and Kp = K. 

Let II ■ \\k:{f) be the Nussbaum seminorm on F. Then 

\\Tf\\k:{f)-= inf \\Tf + K\\c{f)- 

We begin with the inequality analogous to fl36|) for || ■ \\c{f)- For any flnite rank operator 
C e C{F) we have 

\\GF{t) + CWciF) > \\{G{t) + C) o op,[l - x{-^)] 

The argument is completely similar to that for the image, except that for the factor space 
we must be careful to use the seminorm || ■ ||jr whenever we estimate the size of an operator 
that is not well deflned on the factor space. This leads to 

l|G'^(iVt)lk(F) >e^(Art), 

for A^ G N. Take the A^th root of both sides of the equation, exponentiate the RHS as we 
did for the image case and then take the limit as A^ — )■ oo. Thus for 3-dimensional flows 
where supp(c<;) is a proper subset of we have 

ress{GF{t)) > e^--^^\ 

□ 
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Remark 6. The proof of Theorem lg.il did not depend on our flow being 3- dimensional. 
In Section 7. 3 we will introduce 2-dimensional propositions similar to Proposition \ 6.2\ and 
reference the proof of \6.1\ to prove our main theorem for 2-dimensional flows, Theorem \7.3 . 

We have the following corollaries to Theorem 16.11 

Corollary 6.3. For a 3-dimensional flow with vorticity u, if supp{uj) is a proper subset of 
then 

ress{G(t)) = max{ress{GF(t)),ress{G(t) j-^)}. 
Corollary 6.4. If the support of u is the entire fluid domain, T^, then 

ressiGit) \T^)=rUGit)). 
Before proving these corollaries, we need the following proposition: 
Proposition 6.5. For 2- or 3-dimensional flows and for any t > 0, 

ress{G\F{t)) < r,ss{G{t)). 
Proof. Let || ■ ||yc{F) be the Nussbaum seminorm on F. Then from Remark H] we have 

inf \\Tf + K\\ciF) = inf ||T + Z||^, 



where K e&^is the lift oiK e&oo defined by (|38D- 

Notice that for C e ©oo, there is some Kc G &oo{F) such that Kc = PCP, where Kc 
denotes the lift of Kc in the sense of fl38l) . Since Kc = FKc^, we have 



Thus, for any T G C{L^^i) which leaves ImB invariant we have ||Tp||/c(F) < Thus 
for any N e N 

WGFmhiF) < \\G{Nt)\U. 
Then we may repeat the computations above and apply Nussbaum's Theorem again to get 

ress{G\F{t)) < ress{G{t)). 

□ 

Proof of Corollaru \6.3[ From the definitions of 6*(t) and we have 

sup \b{xo,^o,bo;t)\ = max{e*(t), ©^(t)}. 

Thus fi = max{yU3=K, yUsi?} where fi is the Lyapunov-type exponent defined in Theorem 11.11 
By Theorem 11.11 and Theorem 16.11 we have 

r,ss{G{t)) = e^' = max{e^^'\e^^^'} < max{r,ss{GF{t)),r,ss{G{t) 

Then by Proposition 16.51 

ress{G{t)) =max{ress{GF{t)),ress{G{t) 

□ 
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Proof of Corollary \6.4\ If we assume supp(u;) = T^, then fi = ji^^, where /x is the Lyapunov- 



type exponent from Theorem II .![ Then by Theorem 1 1 . 1 1 and Theorem I6.1l r,,j(j(t)) = e^* < 

ress{G{t)\j^). Hence ress{G{t)) = ress{G{t)\j^). 

□ 

7 Main Theorems for 2-dimensional flows 

In this section we prove the main theorem for 2-dimensional flows, Theorem 17.31 below. Here 
our vector field u is two-dimensional smooth solution to steady Euler's equation (SE) with 
scalar vorticity u := curlw. The set of admissible initial conditions for (BAS) in 2-dimensions 
are the same: 

A := {{xo,^o,bo) eT^xR^x ± &o, l^ol = |&o| = !}• 

We begin with two propositions similar to Proposition 16.21 from Section [HI 
Proposition 7.1. Fix T > and define by 

e*(t) = sup \b{xo,^o,bo;t)\. 

xo&supp(\/ui) 

Then for any e > and t G [0, T] we have 

\\Gm\\c(MB,Li,) + oiV^)>e.{t), 

where the constant in O is uniform fort G [0,T]. 
Proposition 7.2. Fix T > 0. 

(i) If we define Qpit) by 

Qpit) ■= sup \b{xo,^o,bo;t)\. 

Then for any e > and t G [0, T] we have 

\\Gl{t)\\r + 0{^E)>Qp{t), 
where the constant in O is uniform for t G [0, T]. 
(a) If we define Qpif) by 

Qp{t):= sup \b{xo,Vu{xo),bo]t)\. 

{xoeT^I |Va;(xo)|>0} 
|6o|=l 
feo-LVt^(a;o) 

Then for any e > and t G [0, T] we have 

\\Gl{t)\\^ + 0{V~e)>QF{t), 
where || ■ ||jr is the seminorm from Definition^ and the constant in O is uniform for 

tG [o,r]. 
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The proofs of these propositions are very similar to the proof of Proposition 16.21 First 
we approximate the evolution of our general 2-dimensional fast oscillating perturbations. 
Consider the vector field (ps G C°°(T^) defined by 

:=5V^(/io(x)e*«»-^/^), (39) 

where G < l,^o G and G C°°(T^) is an arbitrary smooth scalar function. If 

we consider 0^ as a 3-dimensional planar vector field on T^, then 

0. = 5V X (^^^h,{x)e-<^/'^ . (40) 

Thus, by Lemma [5.51 and Remark [3] from Section [3] we have 

\\oY>Aa,]oUt)MW = \\hoig-'-)bi;ig;\-)r^o,^o,mL^+OiS). (41) 

We also remark that from the proof of Proposition 16.21 we have the 2-dimensional estimate: 

||G:(t) -opjao] og„(t)||^(^.) = O(v^). (42) 

Proof of Proposition \7J\ Let xq G T^, .^o ^ such that (^^, Vuj{xq)) ^ 0. We can choose 
/lo G C°°(T^) supported such that there is some constant Cq where |(^^, Vci;(x))| > Cq for all 
X G supp(/io). We will call any function that satisfies these properties, localized at xq. 
For G Z+, let (f)s '■= —iS'V'^{hQe''^'^°^^). Then from Lemma [4.11 0^ is approximately in 
the image of B. More specifically, there is some remainder rs such that Ik^ll r2 = 0(6) and 

' sol 

05 + G Imi?. Take the limit of the estimate E] as 5 — 0, to get 

llopjao] o0„(t)||^(j^ 2) > sup nTTTii • 

(^J-,Va;(xo))7^0 
ho localized at xq 

Then by an argument similar to that for line f l3T]) . we have 

\\oPe[(^o]°Qu{t)\\c{T^,L^)> sup \b{xo,^o,bo;t)\. (43) 

(2:o,?o,6o)e^ 

(5(j-,Va;(xo))7^0 

Take the closure of the condition (^^, Vc<;(xo)) 7^ on the supremum in line (H3[l and, since 
b{xo,^o,^Q;t) depends continuously on the initial conditions, we have 



lopjao] ° Qu{t)\\c{i^,Llj > sup \b{xo,^o,bo]t)\ =: e*(t). 

xoSsuppVoj 



Hence, from (|42|) . we have ||G'|(t)||£(j^ j;^2 ) + 0(-\/e) > 0*(t). This concludes the proof of 
Proposition 17.11 □ 
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Proof of Proposition 7.S\ (i). Let G C°° such that ViX'(x) = for any x G supp/io- Now 
let 5^^ G Z+ and choose any ^ and consider the resuhing fast oscillating vector 
field, 05 := -i5V^{hQe^''<^l^). Just as in the proof of Lemma 14.21 we consider the operator 
T = curli? defined by 

Tv:=vVco t; G (C°°(T'))l 
Clearly, (ps G KerT = Keri?. Hence, recalling the expansion from line f lT2|) we have 

\\MF = Us\\L^ = \\ho^o\\L^ + 0{6). (44) 

The vector field Vo; evolves like a covector along the flow and we have 

Viuig'xo) = {g;\xo)yVujixo). (45) 

It follows that Vw = on supp(/;,o ° g^*") and 

h,{g-'x)h{g-'x,io,io-M'~''"^''' G KerT. 
Hence, from the estimate (BTl) we have 

llopjao] ogJ,05||F =||/^o(r*x)%-*x,^o,eo^;t)e*^""-«°/lF + 0(5) 

= ||/io(^?-*x)%-*x,eo,eo'-;^)e^'"''-^"/lL^ +0(5). (46) 

Consider (jHj) and (H6l) and take the limit as 5 —t- to estimate a lower bound for the 
J^— seminorm of op£[ao] o g^: 

II r 1 t|| ^ \\h,{g-'x)h{g-'x, eo, etj-; t)e-g-^"-g°/'^|U2 

I|OPJ«0] O0„||.F > sup — . 

supp(/io)c{a;:Vw{3;)=0} 

Again we use an argument similar to that for line (!3T|) to simplify the supremum on the 
RHS. Here we must also note that if supp(/io) C {x : Vuj{x) = 0}, then supp(/io ° g^^) C 
{x : Vco'(x) = 0}, so we may take the supremum over Xq = g^^x G \ suppVcu to get 

llopjao] o sill J- > sup \b{xo,^o,bo;t) \ =: Qpit). 

xo^suppVti;(3::o) 

Therefore, from the estimate fl35|) we have 

||G^(t)|U + O(v^)>0^(t). 

□ 

Proof of Proposition \ 7. S\ (ii). Let xq G T" such that Vu{xq) ^ and define •= 

Let G C°°(T") be supported on -Bi(O), the ball of radius 1 centered at such that 

hoifS) = 1. For < C << 1 define hc_ by 

h(^{x) := ho{ ^ ^^° ) 
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and let S ^ G Z+. For any x G [0, 1) x [0, 1) define 

and extend 0^,^ periodically. It follows from Lemma 14.21 and the expansion (fT2l) of 0(^5 that 
HcAf = HcAl- + 0(C) + 0{6) = Wh^^^h^ + 0(C) + 0{6). (47) 

Now we must estimate Hop^fao] ° Sm^c^IIf for our fixed time t > 0. The approach is similar 
to the proof of Lemma 14.21 Here we we will also use that for the operator T defined by 
Tv = curl5f = V ■ Voj, we have Keri? = KerT. Lemma [5.61 gives that 

(op,[ao] o Qi<P^,s){x) = h^{g-'x)h{g-'x,i,,^i-t)d^-'^<'^" + rs{x), (48) 

where ||r5||2,2 = 0{5). 

Let y G supp(/i^ o f?"*) and h{y) := b{g^^y,C,Q,^Q]t) (notice that the parameters and t 
are fixed). Then we have 

(%VVc%)) (%VVc%)) 
^^y^ = ^^y^ - \Vu{y)\- ^^^^^ + |Va;(y)P ^^^^^^ 



We will now demonstrate that 

(%),Va;(y)) 



0(C)- 



|Va;(y)| 

Let yo := fl'"*?/) hence y^ G supp(/i<;) C -Bf(xo). Then we may estimate 

\{h{y),Vuj{y))\ <\{h{y),Vuj{g'y,)) - {h{y),Vuj{g'x,))\ + \{h{y),Vuj{g'x,))\ 

< CK||6(.)|U^(T^) + my),Vu{g%))\, (49) 

where K is the Lipschitz norm of Vw o on T^. Recall that we defined '■= so 
from the construction of (BAS), see equation ( !25l) . we have 

{b{g'xo),Vu{g'xo)) = (6(xo, ^o, ^0""; i), {9:\xo)r^o) = 0. 

It follows that 

\{b{y),Vuj{g'xo))\ = \{b{g'yo),Vuj{g'xo)) - {b{g'xo),Vuj{g'xo))\ < CL\\ (50) 

where L is the Lipschitz norm of the function x — )■ b{g^x). We may assume C << 1, which 
implies |Vc(;(?/)| > \Vuj{g^xo) \ — > 0. Thus from (l49l) and (1501) we have 

\{b{y),Vuj{y))\ ^ C^IIK-)IIl^(t2) +C^I|V^I|l^(t2) _ 
\Vco{y)\ - \Vcoig^xo)\-CK 

where 0(C) is uniform in x and independent of S. 
For any x G supp(/i<j o g~^) we define 77(0:) by 

. ^ w ^ (&(a;),Va;(x)) 
77(y) := b{x) - 



\Vu(x) 
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Then h(^{g'^-)r]{-) G C°°(T") and 

h^{g-'x)h{x) =h(^og-''q{x) + 0{C) 

\\uj{x)\ 

where 0(C) is uniform in x and is independent of 5. From the definition of r], it is clear that 

T{h^{g-'-)7]e'3~'^-^<^){x) = /ic((7"*x)e'^"*"-««(r7 ■ Vw)(x) = 0. 
Hence h,^{g~^ ■)rje^^ ^i-Xo ^ Ker_B and, because ||/;.(^||l2 = C||/io||l2 on T^, we have 

\Mg-'-)he''~''^->^'"\\F = \Mg-'-)be''~'^->^'^'\\L^ + O(C') 

Then from (HHj) we have 

\\oPs[ao]°QikA\F= \\op^[ao]ogl(P^4L^+0{(^) + 0{6), (51) 

where the O(C^) does not depend on 6. 

Consider the quotient (ICT) over (H7I) and take the hmit as 5 — )■ to get, 

llopjao] og„(t)||^ + 0(C ) > sup ^ irTTTii • (^2) 

Co=Vt^(a;o)/|Va;(a;o)| 

For any value of < C < 1, ^((a^o) = so for fixed |^o| = 1 we have 

lim ^7-7^ = |6(xo,^o,^o ;^)l- 

Hence, we can take the limit as C — ^ of (152|) (and use the fact that b is homogeneous of 
degree in ^0) to get 

llopjao] o g„(t)||j- > sup \b{xo,Vuj{xo),bo;t)\ =: Qpit). 

|Vw(xo)|>0, |feo|=l 
feo-LVw(xo) 

From ( H2i) we have 

||G^(t)-opJao]o0„(t)||^ = O(v^). 
Therefore, ||G|(t)||^ + O(v^) > 0^(t). □ 

Definition 5. Lei 0i?(t) := max{9i7'(t), 0i?(t)} anc? define /i2*,/^2F G M 6y 

/i2* = /zm(^oo^logO*(t), 
/i2F = /imf^oo^log6F(i(:). 
r/ie existence of both limits follows from Remark 
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Theorem 7.3. For 2- dimensional flows, we have the following lower bound for the essential 
spectral radius of our evolution operator restricted to ImB: 

e^^*'<rUG{t)\T^). 

And for 2- dimensional flows we have another lower bound for the essential spectral radius of 
the evolution operator acting on the factor space: 

e^'^' < re..(GF(t)), 
where Gpit) denotes G{t) on the factor space. 

Proof. The proof for Theorem 17.31 is the same as that for Theorem 16.11 except that we will 
use the 2-dimensional propositions from the current section instead of Proposition 16.21 (see 
Remark [6] following the proof of Theorem 16. ip . To prove e'^^** < ?"ess(G'(t)|jj^) replace 
Proposition 16.21 with Proposition 17.11 in the proof of Theorem 16.11 for \m.B. For the factor 
space estimate, notice that Proposition 17.21 implies 

\\Gl{t)\\T + 0{^e)>Qp{t), (53) 

where Qpif) '■= max{6i;'(t), 9i7'(t)}. To prove e'^^-^* < ressiGpit)), replace Proposition 16.21 
with the estimate flS5]) above in the proof of Theorem 16.11 for the factor space. □ 

Corollary 7.4. For flows in 2D 

ress{G{t)) = max{ress(G'F(t)),ress(G'(t) |^^)}. 
Proof. By Proposition 16.51 we have 

max{ress(G'F(t)),ress(G'(t) \t^)] < ress{G{t)). 
For the other inequality, notice 

sup |6(a;o,^o,^o;^)| = max{e=,(t), ^^(t)}. 

Hence ^ ^ 

lim-log sup |6(a;o,^o,&o;i)| < lim -logmax{6=^(t),6ir(t)}. (54) 

The LHS of ( 154|) is the Lyapunov-type exponent /i from Theorem II. H so we have 
r,,,(G(t)) = e^* < max{e'^^**,e^^^*} < max{re..(G^(t)), re..(G(t) |i^)}. 

□ 
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8 Example: Hyperbolic Stagnation Point 



A point Xs G T" is a hyperbolic stagnation point of the flow if ^(xs) does not have any 
purely imaginary eigenvalues. In [7] Friedlander and Vishik demonstrate that for any flow 
with a hyperbolic stagnation point, there is instability in the essential spectrum. Moreover, 
any instability in the essential spectrum for a 2-dimensional flow is caused by a hyperbolic 
stagnation point, see [13]. Here we see that for two-dimensional flows where the hyperbolic 
stagnation point Xg is in the support of the gradient of vorticity, this instability is caused 
by perturbations in ImB as well as by perturbations in the factor space. At the end of this 
section we use this fact to demonstrate that 3-dimensional planar flows with a hyperbolic 
stagnation point also have instability in the factor space - regardless of whether or not the 
stagnation point is in supp(a;). 

Suppose the two-dimensional steady flow u has a hyperbolic stagnation point, Xg and 
that Xs e suppVw. In [7], the authors demonstrate that (BAS) has a simple solution at the 
hyperbolic stagnation point with the following argument. A straightforward computation 
shows that ^{xs) is a symmetric matrix whenever Xs is a hyperbolic stagnation point of an 
inviscid, incompressible flow - in 2 or 3 dimensions. Since we are in 2-dimensional space, it 
follows that ^{xs) has two real eigenvalues and the divergence free condition gives us that 
the sum of these eigenvalues is 0. Let A and —A be the eigenvalues of ^{xg) associated with 
the eigenvectors a_|_ and a_, respectively. Then at a hyperbolic stagnation point we always 
have a solution to (BAS) of this form: 

X{t) = Xs 

From the deflnition of Q^:{t) in Proposition l7.1l we see that Q^:{t) > e'^*. Hence /X2* > A > 
and we have exponential stretching of perturbations in ImB. 

In order to use Proposition 17.21 to demonstrate that there is exponential growth in the 
factor space, we must flnd a solution to (BAS) that is close enough to the solution at 
the hyperbolic stagnation point above to exhibit exponential stretching, and this solution 
must grow in the factor space norm. Locally, two perpendicular flow lines pass through 
the hyperbolic stagnation point. Along one, the stable flow line, the fluid moves towards 
the stagnation point. Along the other, the unstable flow line, the fluid moves away from 
the stagnation point. Choose a point xq on the stable flow line, so that x{t) will flow into 
the stagnation point. We remark that Vuj{xq) moves like a covector along the flow, thus 
^{t) = Vuj{g^XQ) satisfles the ^-equation of (BAS). Let = and let 6o = ^o"- The 

resulting solution to (BAS) flows into the hyperbolic stagnation point solution above in the 
sense that as s — )■ oo 

e(s) , h{s) 

9 Xq^ Xs, --^ a+ and — — a_. 
IUs)| \h[s)\ 

Hence, the solution h{xQ, ^o! i) approaches the solution 6(xs, a+, a_; t) as we choose values 
for Xq closer to Xg- This implies that 6ir(t) > e'^* and by Proposition 17. 21 we have exponential 
stretching in the factor space. 
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Finally, we use Theorem 17.31 for a 3- dimensional planar flow to detect instability in the 
factor space that Theorem 16.11 cannot detect. Consider the planar 3-dimensional steady flow 
given by 



Clearly, the eigenvalues of ^{xg) are ±1 with corresponding eigenvectors in the first two 
coordinate directions. This implies that we have some linear instability in the essential 
spectrum. Theorem 16.11 (and Corollary 16. 4p gives us that this instability corresponds to a 
perturbation in ImB. However, since supp(a;) = in this example, we cannot compute fi^p 
for this flow and Theorem 16.11 tells us nothing about the factor space. 

For 3-dimensional planar flows we can use Theorem 17.31 to compute a lower bound for 
ressiGpit))- Notice that if u is planar, then any vector field in Imi? is co-planar. It follows 
that the 2-dimensional factor space norm of an operator is less than or equal to the 3- 
dimensional factor space norm of the same operator. Also, the essential spectrum of G{t) 
in 3-dimensions contains the essential spectrum of G{t) in 2-dimensions. Thus, the essential 
spectral radius of Gplt) in 2-dimensions is less than or equal to the essential spectral radius 
of Gpit) in 3-dimensions and e^^^* < ressiGpit)) in 3-dimensions. Since /X2f > in this 
example, we have instability in the factor space. 



:= sinxi COSX2 ^2(2;) := — cosxi sina;2 Usi^x) = 0. 
The point Xg = (0, 0, 0) is a hyperbolic stagnation point since 
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